Nested sums containing binomial coefficients occur in the computation of massive operator matrix elements. Their associated iterated integrals lead to alphabets including radicals, for which we determined a suitable basis. We discuss algorithms for converting between sum and integral representations, mainly relying on the Mellin transform. To aid the conversion we worked out dedicated rewrite rules, based on which also some general patterns emerging in the process can be obtained.
Introduction
In the computation of massive operator matrix elements at 3-loop order in QCD and for the corresponding heavy flavor Wilson coefficients in deep-inelastic scattering the functional space spanning the Feynman-integrals is extended. While up to 2-loop order all terms can be expressed in nested harmonic sums [51, 14] in Mellin-N space and harmonic polylogarithms [37] in x-space, here also nested finite (inverse) binomial sums occur in a series of the Feynman diagrams [4, 10, 9] . Besides nested sums over the binomials 2k k ±1 also generalized harmonic sums [33, 5] occur as standalone objects or inside of the binomial sums. The corresponding diagrams are characterized carrying two massive fermion lines of equal mass or belong to the V -topology in case of a single heavy mass [9] . 1 In the following we consider finite sums of the form
a 2 (i 2 ) . . . We also treat some examples with a slightly more general structure, e.g. In Ref. [11] we have recently presented an algorithmic treatment of these sums and, associated to them, explored iterated integrals over an alphabet containing also square root-valued letters. The representation of the finite (inverse) binomial sums in terms of Mellin transforms of their associated iterated integrals is instrumental for their asymptotic representation to be derived in analytic form. This is needed in solving the corresponding sums appearing in physical problems as well as in the intermediary summation steps and for the treatment of infinite sums in general, see also [16] . Moreover, these representations are of importance for the analytic continuation of theses sums into the complex plane. In Ref. [11] we also developed algorithms to map iterated integrals over square root-valued alphabets back into the associated nested sums. In the present calculation we made extensive use of the packages Sigma [41, 46] , based on advanced symbolic summation algorithms in the setting of difference fields [30, 34, 39, 40, 42, 43, 44, 45, 47] , and the packages EvaluateMultiSums, SumProduction [1, 15, 48] , and HarmonicSums [2, 3, 5, 7] . In this presentation we give a brief summary of our recent algorithmic results [11] treating these sums and new iterated integrals associated to them. In Section 2.1 we introduce the corresponding iterated integrals involving square roots in their integrands and define a basis of them. In Section 2.2 we take a computational look at the Mellin transforms of iterated integrals and give a criterion on when they can be expressed in terms of nested (inverse) binomial sums. The reverse task of finding representations of nested (inverse) binomial sums in terms of Mellin transforms is considered in Section 3, where we outline a method, which heavily relies on computing convolution integrals. Particularly for this purpose we provide a set of rewrite rules and indicate general patterns based on them. In Section 4 we consider infinite nested (inverse) binomial sums and show one method how they can be expressed in terms of iterated integrals again by rewrite rules.
Iterated integrals and the Mellin transform

Iterated integrals
We consider iterated integrals on the interval x ∈ [0, 1]. They are indexed by symbols identifying the integrands used. These are called letters and form words over the corresponding alphabet. In analogy to harmonic polylogarithms [37] we define
Note that integration is over the interval [x, 1] in contrast to harmonic polylogarithms Hã(x), where integration is over [0, x] . We use the star to make notation unambiguous.
In general all iterated integrals satisfy the shuffle relations, see Ref. [36] , the ones we consider are no exception. It is convenient to consider alphabets such that all algebraic relations among the iterated integrals over the given alphabet are already induced by the shuffle relations and there are no additional algebraic relations. For integrands with root-singularities this property can be ensured by the choice of the alphabet stated below. This relies on a theorem proven in Ref. [24] , which gives a criterion on the linear independence of iterated integrals over a given alphabet. Since any polynomial expression in terms of iterated integrals can be reduced to a linear combination of iterated integrals over the same alphabet by shuffling, establishing linear independence implies that all algebraic relations among the iterated integrals are due to shuffling. Using results from Refs. [38, 50] the iterated integrals over the alphabet defined below can be proven to be linearly independent over the algebraic functions
3)
In our applications it is actually sufficient to allow at most two root-singularities, hence we can restrict to the following cases:
Already in 2004 the following six letters with root-singularities were considered in the context of 2-loop integrals with massive propagators [12] :
Mellin transforms of iterated integrals
There are several general methods to compute Mellin transforms
for a large class of so-called D-finite functions, which are described in Ref. [11] . We do not discuss these methods here. Instead we put emphasis on more specialized results, which provide rewrite rules to directly compute the Mellin transform of certain generalized harmonic polylogarithms that involve square roots as introduced above. These iterated integrals are special cases of D-finite functions and the corresponding rewrite rules enable us to obtain the result in terms of nested (inverse) binomial sums. In order to do so we proceed recursively by applying the formulae given below. They mainly work by reducing the depth of the iterated integrals occurring inside the Mellin transform by reducing the Mellin transform involving f (x) to one involving f ′ (x).
It is well known that the Mellin transform satisfies the following identities.
Furthermore, we were able to obtain identities for certain cases where the input involves square roots. Finding these identities involved Singular [23] and HolonomicFunctions [32] . Let
x(x − a) (2.16)
Moreover, based on these formulae we can give some sufficient conditions on when the Mellin transform can be written in terms of nested (inverse) binomial sums, which is summarized in the theorem below. Note that analytic continuation can be used to relax some of the restrictions on the position of the singularities. 
Mellin representations of finite binomial sums
Our aim is to represent nested (inverse) binomial sums in terms of a number of Mellin transforms each weighted by an exponential term. More precisely, we aim at representations of the form
where the constants c j and functions f j (x) do not depend on N. Such representations can be computed merely by relying on the properties of the Mellin transform combined with additional tools for computing Mellin convolutions discussed below. Due to the use of the summation property Eq. (2.3) in [11] often it is not necessary to specify the constant c 0 separately because often we have
and then it is also possible to write (3.1) as
We base the calculations of Mellin representations on the following basic ones, which are all we need as a starting point:
From these we can obtain integral representations for sums and nested sums step by step. In general the computation proceeds as follows. Starting from the innermost sum we move outwards maintaining an integral representation of the subexpressions visited so far. For each intermediate sum
this first involves setting up an integral representation for the summand a j (N) of the form (3.1). This may require computation of Mellin convolutions, which we will describe in more detail below.
Next we obtain an integral representation of the same form of
by Mellin convolution with the result for the inner sums computed so far. Then by the summation property we obtain an integral representation for the sum (3.7). These steps are repeated until the outermost sum has been processed.
Convolution integrals
As mentioned above Mellin convolutions need to be computed at several points in our computation of Mellin representations. Convolution integrals are the most challenging part of the computation, so we take a closer look on how we can compute them. The convolution formula
gives us a definite integral depending on a continuous parameter and hence can be written in the form
One general strategy to obtain a closed form for such integrals is to first set up a differential equation satisfied by F(x) and then obtain a solution of this equation satisfying appropriate initial conditions. In the first step we exploit the principle of differentiation under the integral. If we have a relation for the integrand f (x,t) of the form
for some coefficients c i (x) independent of t and some function g(x,t), then by applying 
In the presence of singularities proper care has to be taken when evaluating the right hand side of this relation. There are several computer algebra algorithms for different types of integrands f (x,t) which, given f (x,t), compute relations of the form (3.11). They either utilize differential fields [38, 49, 18, 35] or holonomic systems and Ore algebras [13, 21, 31, 19] . After obtaining a differential equation for F(x) we need to solve it explicitly, preferably in terms of iterated integrals. If the differential equation factors completely into first-order factors with rational function coefficients, then this can be achieved. In practice all the specific sums from Ref. [9] we considered give rise to differential equations with this property. Even more is true, the first-order factors all have algebraic functions of degree at most two as their solutions, hence the solutions of the differential equations are of the form
where r i (x) are rational functions and p i (x) are square-free polynomials. Using a dedicated rewrite procedure based on integration by parts we can write a basis of the solution space in terms of the functions H * over the alphabet defined earlier, which is then used to match initial conditions. Already Hermite considered a reduction procedure for simple integrals of the form dx
similar to ours, see Ref. [27] .
Instead of relying just on the form (3.10), alternatively one can also try to exploit the special structure present in the convolution integrals of iterated integrals. It turns out that for most convolutions needed in the context of finding Mellin representations for nested (inverse) binomial sums one of the factors is just an algebraic function and the other involves iterated integrals. Our approach was inspired by Refs. [26, 20, 17] where the respective authors proposed algorithms which, for certain types of integrands, compute the differential operators in (3.11) already in partially factored form. In analogy to the formulae used to compute Mellin transforms of iterated integrals, the general idea here is to recursively reduce the convolution of iterated integrals to convolution integrals where the depth of the iterated integrals has been reduced. In the process the original convolution integral is directly converted into iterated integrals without computing intermediate differential equations. Again this is done by specialized rewrite rules, of which we list only a few here. A more general list of formulae that we found is included in Ref. [11] .
In the Mellin representations we computed, see Ref. [11] , some patterns emerge. They can be proven based on the rewrite rules. These patterns show how absorbing simple pre-factors into the Mellin transform changes the iterated integrals occurring there. Here we list a few of them and refer to Ref. [11] for a more comprehensive list. Let a 0 , . . . , a k , c < 0 and to shorten notation we let
We finally give an example for the Mellin representation of a more involved sum, see [9] ,
This iterated integral is based on the square root-valued letters
(3.23) 
Now, by virtue of (4.10) we obtain the result 
Conclusions
We studied finite nested (inverse) binomial sums and their associated iterated integrals which emerge in massive 3-loop calculations in QCD. The sums and the iterated integrals are related by the Mellin transform. The iterated integrals are built over alphabets containing the letters which form the harmonic polylogarithms and their generalization [5] and a large number of square rootvalued letters. Algorithms were presented to transform a given nested (inverse) binomial sum into its associated iterated integral. In Ref. [11] we also developed methods for the reverse way, one of which was outlined here. The present algorithms are needed to express the corresponding physics results both in N-and in x-space and to obtain the asymptotic series of sums, being required in various summation problems. We briefly commented also on infinite (inverse) binomial sums, also emerging in many physical problems, e.g. as generating functions.
